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Abstract: Let M be a compact special Lagrangian submanifold of dimension 
3 with an isolated singularity at which M is tangent to a cone C C M 6 with 
multiplicity 1. Suppose that CDS 5 is the Clifford torus cone. One can apply 
the gluing technique to M by a theorem of Joyce. One obtains then a compact 
non-singular special Lagrangian submanifold sufficiently close to M as varifolds in 
Geometric Measure Theory. The main result of this paper is as follows: all special 
Lagrangian varifolds sufficiently close to M are obtained by the gluing technique. 



1. Introduction 

Special Lagrangian submanifolds are area minimizing Lagrangian submanifolds 
discovered by Harvey and Lawson [5]. There is no obstruction to the C 1 defor- 
mation of compact special Lagrangian submanifolds by a theorem of Mclean [14l 
Theorem 3.6]. The moduli space of compact special Lagrangian submanifolds is 
therefore a manifold of finite dimension. One can compactify it using varifolds in 
Geometric Measure Theory. It is however difficult to understand general special 
Lagrangian varifolds. Joyce [13] has studied isolated singularities with multiplicity 
1 smooth tangent cones. 

Let C C C 3 be the Clifford torus cone which will be defined in Q below. One 
important property is that C is stable in the sense of Joyce [TTJ pll]. 

Suppose now that there exists a compact special Lagrangian submanifold M of 
dimension 3 with one point singularity where M is tangent to C with multiplicity 1. 
One can apply the gluing technique to M by a theorem of Joyce (T3j Theorem 10.4] . 
Let L be a special Lagrangian submanifold of C 3 tangent to C with multiplicity 1 
at infinity in C 3 . One glues L to M in Joyce's theorem. One obtains then a compact 
non-singular special Lagrangian submanifold sufficiently close to M as varifolds in 
Geometric Measure Theory. The main result of this paper is as follows: 

All special Lagrangian varifolds sufficiently close to M are obtained by the gluing 
technique; we shall give a more precise statement in what follows (see Theorem [6]). 

We give here a brief outline of the proof; see the latter part of this section for the 
details. The proof is similar to that of a theorem of Donaldson in the Yang-Mills 
theory; see Theorem [7] below. We first prove an analogue of Uhlenbeck's removable 
singularities theorem in the Yang-Mills theory. We use here an idea of a theorem of 
Simon [15l Corollary, p564] , which proves the uniqueness of multiplicity 1 smooth 
tangent cones of minimal surfaces. We prove next the uniqueness of local models 
for desingularizing M using symmetry of C where M, C are as above. These are 
the main parts of the proof. 



We shall now define C; see (gj) below. Define / : C 3 -> R 3 by 

(1) f(zi,z 2 ,z 3 ) = (\zi\ 2 - \z 3 \ 2 , \z 2 \ 2 ~ \z 3 \ 2 ,lmz 1 z 2 z 3 ) 

where Im is defined as follows: if z = x + y/—ly with x, y £ R then Im z = y. Put 

(2) fi C 3 = dz 1 A dz 2 A dz 3 . 

One can then define 0^3 -special Lagrangian submanifolds of C 3 as in Harvey and 
Lawson [5]. 

Theorem 1 (Harvey and Lawson III. 3. A, Theorem 3.1]). Let a £ R 3 . Then 
f^ 1 (a) is an fl^a -special Lagrangian submanifold of C 3 possibly with singularities; 
f^ 1 (a) is singular if and only if a £ Y x {0} where 

(3) Y = {(x,x) : x > 0}U {(-x,0) : x > 0} U {(0,-x) : x > 0}; 
notice here that Y CM 2 and Y x {0} C R 3 . 

Put 

(4) C = f-\0, 0, 0) n {(zuZ2, z 3 ) : Re Zl z 2 z 3 > 0} C C 3 

where Re is defined as follows: if z = x + \f-~\y with x, y £ R then Rez = x. Let 
A > 0. Then 

(5) C = AC = {(A*i, Az 2 , Az 3 ) : {z u z 2 , z 3 ) £ C} C C 3 . 
Put S 5 = {(zi,Z2,z 3 ) € C 3 : \ Zl \ 2 + \z 2 \ 2 + \z 3 \ 2 = 1}. Then 

(6) C fl 5 5 = T 2 = R/Z x R/Z 

where = means a diffeomorphism. 

We shall consider the following situation in the main result of this paper. Let 
X be a Kahler manifold of complex dimension 3 with Kahler form uj. Let fl be a 
holomorphic 3-form on X such that £l\ x ^ for every a; e X. The pair (X, O) is an 
almost CalabL-Yau manifold in the sense of Joyce [13, Definition 2.8]. Auroux [H 
Example 3.3.1] gives an interesting example of special Lagrangian submanifolds 
with isolated singularities modelled on C U — C in an almost Calabi-Yau manifold; 
see also the remark around (|24l) . 

There exists a unique C°° function / : X —> R>o such that 

(7) fu Aw Aw/6 = -(y^I/2) 3 f> AH 
Let g^ be the Kahler metric of (X, uj) and put 

(8) 9 = 19.. 

Then is a calibration on (X,g) in the sense of Harvey and Lawson by [SI III. 1 , 
Theorem 1.10]. 

Let M be a 3-dimensional submanifold of X. 

Definition 2. M is an Jl-special Lagrangian submanifold if M is calibrated by 
Re n in the sense of Harvey and Lawson, which means 

(9) ReO(ei,e 2) e 3 ) = l 

for every vector fields ei, e%, e 3 on M satisfying g(ei, ej) = §ij where g is as in ©. 
(|9j) is equivalent to 

(10) w| M = ImO| M = 

by [HI III. 1 , Corollary 1.11]. 51-special Lagrangian submanifolds of X are therefore 
Lagrangian submanifolds of (X,ui). 

Suppose now that there exists a compact J7-special Lagrangian submanifold M 
of X with one point singularity x £ X at which M is tangent to C with multiplicity 
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1. C is a unique tangent cone to M at x € X by a theorem of Simon [151 Corollary, 
p564]. 

Let a > 0. By Theorem[T] / _1 (a, 0, 0) is a special Lagrangian submanifold of C 3 
with singularities. Put 

(11) L = f- 1 (a,0,0)n{(z 1 ,z 2 ,z 3 ) : Re Zl z 2 z 3 > 0} c C 3 . 

Then L is a connected non-singular special Lagrangian submanifold of C 3 diffco- 
morphic to S 1 x M 2 . 

Choose a compact set if C R 6 sufficiently large. We may then assume that 
L \ K is the graph of a normal vector field v on C \ K with respect to the metric 

|c?a; 1 | 2 H h|dcc 6 | 2 . By Weinstein's theorem [2T] we may regard nasa closed 1-form 

on C \ K. Put 

(12) a{L) = [v] G H l (C\K-,R) £ ff^Cn S 5 ;R). 

Let M be as above, and let x E X be the singular point of M C A. Regarding 
M \ {x} as a manifold with boundary CDS 5 we have a natural homomorphism 

(13) f M :H 1 (M\{x};R)^H 1 {CDS 5 ;R). 
Suppose 

(14) /~ l o(L) * 0. 

One can then glue L to M as in Joyce [13j Theorem 10.4]. 

Let M. be the moduli space of compact special Lagrangian submanifolds with one 
point singularities where they are tangent to C with multiplicity 1; see Joyce [111 
Definition 5.4] for details. By [TTJ pll] and [TT] Corollary 6.11] there is no obstruc- 
tion to the deformation of M in A4 . A sufficiently small neighbourhood of M in Ai 
has therefore a manifold structure. 

One can glue L to any M' in a sufficiently small neighbourhood of M in M. ; see 
Joyce [131 p36] (he assumes that X is Calabi-Yau for simplicity, but one does not 
need it here since Z{L) = in his notation). One can therefore define a map 

(15) G:(0,e)xW^Af 

where e > is sufficiently small, W is a sufficiently small neighbourhood of M in M. , 
and Af is the moduli space of compact non-singular special Lagrangian submanifolds 
of X. Recall that Af is a manifold of finite dimension by a theorem of Mclean [T4l 
Theorem 3.6]. 

We shall use Geometric Measure Theory in the main result of this paper. One 
can define locally rectifiable special Lagrangian currents; see Harvey and Lawson [8, 
Definition 1.3]. 

Theorem 3 (Harvey and Lawson 8, Theorem 4.2]). Let T be a compactly supported 
locally rectifiable special Lagrangian current on {X, CI). Let T' be a compactly sup- 
ported 3- current on X with 

(16) T' — T = dS 

for some compactly supported 2- current on X. Then 

(17) areaT<areaT' 
with respect to g defined by JS]) . 

Corollary 4 (Harvey and Lawson). Cl-special Lagrangian submanifolds of X are 
minimal surfaces with respect to g defined by ((SJ) . 



We now define special Lagrangian varifolds. Let X, Q be as above. Let T X X be 
the tangent space at x £ X. Let G 3 (T X X) be the set of all 3-dimensional R- vector 
subspaces of T X X. It is a Grassmann manifold. Put 

(18) G 3 (TX) = |J G 3 (T X X), 

xex 

(19) G KcU {TX) = {Se G 3 {TX) : | Reft| s | = 1}. 

Definition 5. An f2-special Lagrangian varifold in X is a Radon measure on 
GR C n(TX). 

Let S £ Gfteii(TX). Choose ei,C2,e 3 £ S such that 

(20) Refi(ei A e 2 A e 3 ) = 1. 
Put 

(21) ^ = eiAe 2 Ae 3 . 

This is independent of the choice of e\, 62, e 3 satisfying (f2"0")l . 
Let V be an fi-special Lagrangian varifold in X. Put 

(22) ^( X )= f ( X (x)J)dV(x,S) 

JGR,n(TX) 

whenever \ is a 3-form with compact support in X. This is a current on X. Put 

(23) = V(d X ) 
whenever x is a 2-form with compact support in X. 

Let V be a compactly supported fi-special Lagrangian varifold in X with df = 
and integer multiplicity > 1. Then by Theorem [3] the first variation of V is with 
respect to g defined by (J5J. It is rectifiable by a theorem of Allard [TJ Theorem 5.5]; 
see also Simon [17j Theorem 42.4]. 

We now define the moduli space of special Lagrangian varifolds. Let V be the set 
of all compactly supported il-special Lagrangian varifolds V in X with — and 
integer multiplicity > 1. We give V the weak topology; see Allard [TJ Chapter 2.6 
(2)] for the definition. It is a locally compact Hausdorff space by a theorem of 
Allard [TJ Theorem 6.4]; see also Simon [T7J Theorem 42.7 and Remark 42.8]. 

Let M C X, V be as above. Regarding M as a varifold in X we may write M £ V. 
Let A/" be as in (1151) . i.e. the moduli space of compact fi-special Lagrangian sub- 
manifolds of X. There exists a homeomorphism of Af into V by Allard's regularity 
theorem [TJ Theorem 8.19] or [T7J Theorem 23.1]. We shall prove (see Corollary ITTj) 
that there exists also a homeomorphism of Ai into V where Ai is the moduli space 
of compact f2-special Lagrangian submanifolds with one point singularities where 
they are tangent to C with multiplicity 1. 

The main result of this paper is as follows: 

Theorem 6. There exists a neighbourhood U of M in V and a map F : hi — > 
R>o x A4 such that F is a homeomorphism onto its image, such that U C M. U Af, 
such that F(M') = (0, M') for every M' £ U n M and such that F\ U nM is a 
diffeomorphism onto its image whose inverse map is G\ptu ri j^) where G is as in 

m- 

Here is a remark on Theorem [6] If there dose not exist any M satisfying all 
the conditions above, the conclusion of Theorem [5] will be useless, but the proof of 
Theorem [5] will be useful at least in the following observation: 

There exists a compact special Lagrangian submanifold Mq with an isolated 
singularity modelled on C U — C where 

(24) -C = {(-z u -Z2, -z 3 ) : (Z!,z 2 , z 3 ) £ C C C 3 }; 
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see Auroux [U Example 3.3.1]. One should therefore prove an analogue of Theo- 
rem H2 for Mo- One can use indeed the same technique as the proof of Theorem [SI 

(It will not suffice however. There exist immersed special Lagrangian subman- 
ifolds M s ,s > 0, such that lim s ^o M g = Mo as varifolds and such that M s = 
M' s U M'J for some embedded M' S ,M'J with M' s n M'J diffeomorphic to S 1 . One 
must therefore deal with the non- isolated singularities of M' s n M'J.) 

The remainder of this section will be devoted to giving an outline of the proof 
of Theorem [HI It is similar to the proof of a theorem of Donaldson [SJ Theorem 11] 
for anti-self-dual Yang-Mills connections. We give first a review of Donaldson's 
theorem. 

Consider anti-self-dual Yang-Mills connections on an SU2 bundle with c-2 = 1 
over a compact simply connected oriented Riemannian manifold Z of dimension 
4 with b\ = 0. There exists an anti-self-dual Yang-Mills connection Ao over K 4 
whose curvature F(Aq) satisfies L 4 |.F(Ao)| 2 = 87r 2 and is close to the 5 function 
at G R 4 as a Radon measure on K 4 . Let s > be sufficiently small. Dilating Ao by 
s > one obtains s#A , whose curvature tends as s — > to the 5 function at € R 4 
as a Radon measure on R 4 . One can glue s#Ao at any z € Z to the connection of 
curvature over Z; see Taubes [15] . One then obtains an anti-self-dual Yang-Mills 
connection A SjZ over Z. The curvature of A SiZ tends as s — ¥ to the 6 function at 
z G Z as a Radon measure on Z. 

Donaldson [5] Theorem 11] proved surjectivity of Taubes' gluing; see also Freed 
and Uhlenbeck [JJ Section 9]. 

Theorem 7 (Donaldson). If an anti- self- dual Yang-Mills connection has curvature 
sufficiently close to a S-function as a Radon measure on Z, its gauge equivalence 
class is equal to [A Sj2 ] for some s > 0, z € Z. 

We give here an outline of the proof of Theorem [7] The first step is a bubbling- 
off analysis. Letting Fa be the curvature of A one has J z \Fa\ 2 = 8tt 2 since A 
is anti-self-dual with C2 = 1. Given z G Z one has the smallest ball B(z) C Z 
centred at z such that J B ^ \Fa\ 2 = 7tt 2 . Choose w G Z such that the radius of 
B(w) attains the minimum. Restricting A to a neighbourhood of w one can define 
ri A, where r is the radius of B{w). By Uhlenbeck's a-priori estimate [20] r ^~A 
tends to some anti-self-dual Yang-Mills connection A' over T W Z = M 4 up to gauge 
equivalence as Fa tends to the 8 funtion at w; i.e. A' has bubbled off. By Atiyah, 
Hitchin and Singer's theorem [3] Theorem 9.1] its gauge equivalence class [A'] is 
equal to [.Ao] U P to dilation and translation on M 4 . Dilating Ao suitably, one can 
assume [A'] — [Ao]. Hence [A] is sufficiently close to [r#A'] = [r#A ] over some ball 
B\ centred at w. By Uhlenbeck's a-priori estimate [20] A is close to the connection 
of curvature over Z\B2 for some B2 D B\. One has not seen yet, however, what 
[A] looks like over B2 \ B\ . One uses here again Uhlenbeck's a-priori estimate [50] . 
One then obtains [A] — [A r>w ] by gluing f#Ao at w to the connection of curvature 
over Z. This is an outline of the proof of Theorem [7] 

Consider now the moduli space of all gauge equivalence classes of anti-self-dual 
Yang-Mills connections over Z. One can compactify the moduli space by adding the 
ideal connections whose curvatures are 5 functions on Z. One sees from Theorem [7J 
that (s,z) 1 — y [A SjZ ] parametrizes a neighbourhood of the boundary of the moduli 
space. 

We give now an outline of the proof of Theorem |5J making an analogy with 
Theorem [Jj We first prove an analogue of Uhlenbeck's removable singularities 
theorem [2D]. The idea of Uhlenbeck's theorem is as follows. Let A be an anti- 
self-dual Yang-Mills connection over (T, 00) x S 3 with T > sufficiently large. 
{A-|{t}xS 3 : t G (T, 00)} is the gradient flow of the Chern-Simons functional on the 
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space of connections over S 3 . If the curvature of A is sufficiently small, the gradient 
flow converges. 

By Simon's technique [151 116) minimal surfaces look like a gradient flow near 
isolated singularities with multiplicity 1 smooth tangent cones. We shall define an 
energy of such minimal surfaces and prove that Simon's gradient-like flow converges 
if the minimal surface has sufficiently small energy; see Theorem[S]for a more precise 
statement. It is an analogue of Uhlenbeck's removable singularities theorem [2"Uj . 

We next prove an analogue of Atiyah, Hitchin and Singer's theorem J3J Theo- 
rem 9.1]. What should bubble off in our case is a special Lagrangian varifold in 
R 6 tangent to C with multiplicity 1 at infinity in R 6 . We shall prove a uniqueness 
theorem for such varifolds. More precisely: 

Theorem 8. Let V be a special Lagrangian varifold with d~\^ — in R 6 tangent to 
C with multiplicity 1 at infinity in R 6 . Then V is represented with multiplicity 1 by 
C or there exist a€l such that V is represented with multiplicity 1 by L up to the 
action of SU3 x C 3 where L is as in (|11[) ; notice here that L depends on a € R. 

It will be important in the proof of Theorem [8] that C has symmetry; i.e. there 
exists a subgroup of SU3 whose action preserves C C R 6 . This is the main difference 
from the previous paper [fjj , where we have considered singularities modelled on the 
transverse intersection of two special Lagrangian planes, but it does not have such 
symmetry in general. 

As one uses Uhlenbeck's technique again in the final step to the proof of Theo- 
rem[71 so we use Simon's technique again in the final step to the proof of Theorem[6l 
This is an outline of the proof of Theorem [Bl 

In Section [2] we prove the analogue of Uhlenbeck's removable singularities the- 
orem. In Section [3] we apply the result of Section [5] to the bubbling off analysis. 
In Section 2] we prove the analogue of Atiyah, Hitchin and Singer's theorem. In 
Section [5] we complete the proof of Theorem [6] 

I wish to thank Professor Kenji Fukaya for useful communications. I was sup- 
ported by Grant-in- Aid for JSPS fellows (22-699) whilst writing this paper. 

2. Analogue of Uhlenbeck's Removable Singularities Theorem 

In this section we prove an analogue of Uhlenbeck's removable singularities the- 
orem [501 Theorem 4.1]; see Section [T] for the analogy between them. 

Let Ga(R 6 ) be the set of all 3-dimensional vector subspaces of R 6 . It is a Grass- 
mannian manifold. Let V be a varifold of dimension 3 in R 6 , i.e. a Radon measure 



where |a;| = \J x\ + ■ ■ ■ + x\ for each x = (x\, . . . , x%) and S^x is obtained by 
projecting x onto S , which is the orthogonal complement of the vector subspace 
S with respect to the metric | rfa; 1 1 2 + ■ • • + |<Ae 6 | 2 on R 6 . This is the definition of 
the energy of V. One uses (f2"5"]) in the monotonicity formula jTTJ Theorem 17.6]. 
Let r > 0. Put 



on R 6 x G 3 (R 6 ). Put 



(25) 





where \x\ = \J x\ + ■ ■ ■ + x\ for each x — (x%, . . . , x§). Let s € (0, r). Put 

(27) A Str = B r \B~ s , 

(28) g cyl = (\dx 1 \ 2 +--- + \dx 6 \ 2 )/\x\ 2 ] 



g cy i is a Riemannian metric on A r , s . Let ||u||c2 ^ be the C 2 norm induced from g cy i, 
where v is any normal vector field on C D A s _ r with respect to g cy \. Let graph cyl z; 
be its graph, which is a submanifold of A s ^ r if IHIco is sufficiently small. 

Let V be a varifold of dimension 3 in A s>r . Let C be as in (U]). Define d(V, C H 
A SiT ) G K>o U {00} as follows: put 

(29) d(V,CnA s , r ) = \\v\\ cUcnA3r) 

if V is represented by graph cyl v with multiplicity 1 for some normal vector field v 
on C n A s>r with respect to g cy i; put 

(30) d{V, C n A SjT ) = 00 

if there does not exist any such v. 

Notice that SU3 is the group of C-vector space isomorphisms of C 3 = M 6 pre- 
serving 

(31) Que = \dx 1 \ 2 + --- + \dx 6 \ 2 , 

(32) n R6 = (dx 1 + y/^ldx 2 ) A {dx 3 + ^ldx 4 ) A (da; 5 + V^dx 6 ). 

The following theorem is an analogue of Uhlenbeck's removable singularities theo- 
rem; see the discussion in Section [1] for the analogy between them. 

Theorem 9. There exists ^TJ]> such that the following holds: 
Let r, e G (0, ^jj). Let g be a Riemannian metric on B r with 

(33) 3 = ^6+0(1^2). 
Let f2 be a complex volume form on (B r ,g) with 

(34) n = n R e +0(|ar|). 

Let V be an il-special Lagrangian varifold with dv = in (B r ,g). Suppose 

(35) max{E(V), d(V, C n A r/2 , r )} < e. 
Then there exist A S (0, 1),7 G SU3 with dist(l,7) < e such that 

(36) d(V,7(C)n A xk+ ^ xk ) < e2~ k 
for any integer k > 0. 

Once we have proved Theorem [5] we shall obtain: 

Corollary 10. Let V be an Sl-special Lagrangian varifold with d~\^ = in a Calabi- 
Yau manifold X. Suppose that V is sufficiently close to M 6 Ai as a varifold, where 
M is the moduli space of compact Q-special Lagrangian submanifolds with one point 
singularities modelled on C. Let x G X and choose normal coordinates at x with 
respect to g defined by (|5]) . Suppose that V restricted to a neighbourhood of x has 
energy sufficiently small. Then V G Ai and it is arbitrarily close to M in the 
topology of M. given by Joyce [111 Definition 5.6]. 

Here is another corollary of Theorem |H1 It has been used in the statement of 
Theorem [6l 

Corollary 11. There exists a homeomorphism of M. into V where M. is as above 
and V is the moduli space of compactly supported Q-special Lagrangian varifolds V 
with = and integer multiplicity > 1. 

We shall here prove Corollary [TT] assuming Corollary [TU] Recall that Corollary [TU] 
will be obtained immediately once Theorem [5] has been proved. 
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Proof of Theorem 1 1 1 1 Define ij^i '■ M — > V by 

(37) i M (M'):f^[ f(x,T x M')d\\M'\\(x) 



JM' 

for every compactly supported continuous function / on G%{TX) where ||M'|| is 
the volume form of M' induced from g defined by ([5]) ■ We shall prove that it is a 
homeomorphism. It is clearly one-to-one and continuous. It will therefore suffice to 
prove that is an open mapping. Let M G M. Let x be the singular point of M. 
Choose normal coordinates at x with respect to g defined by ([5]) . Given a varifold 
V in X we define its local energy by first restricting V to a neighbourhood of x and 
then applying (1251) . We shall here use Corollary [TU] to prove Corollary [TT] It will 
then suffice to prove that if M' E A4 is sufficiently close to M as a varifold, the 
local energy of M' is arbitrarily small. We may here assume that M = C and that 
M' is tangent to C with multiplicity 1 at in R 6 . By Lemma [TH] M' has bounded 
mean curvature with respect to the metric |efcc 1 | 2 + - • - + |rfa; 6 | 2 , where x , . . . ,x 6 are 
the normal coordinates which we have chosen above. Hence by the monotonicity 
formula [T71 Theorem 17.6] there exists a constant k > such that 

(38) E(M' n B r \B~ S )< e kr r~ 3 area(A/' n B r ) - e ks s~ 3 area(M' n B s ), 

where E(»),B r are as in (f25|) . (f!Mf respectively. Since M' is tangent to C with 
multiplicity 1 at in R 6 we have 

(39) lim e ks s~ 3 area(M' n B s ) = area(C n B x ). 
By ^3HJ) and we have 

(40) E(M' n B r ) < e^r" 3 area(M' n B r ) - area(C n B x ). 

By PO)) the local energy of M' is arbitrarily small if r > is sufficiently small 
and M' is sufficiently close to M = C as a varifold. This completes the proof of 
Theorem EJ □ 

The remainder of this section will be devoted to a proof of Theorem [3] We first 
prove: 

Lemma 12. There exist -q, k > such that the following holds: 

Let g be a Riemannian metric onA 1 / i2 with \\g — gs^Wc 1 < V- LetQ be a complex 
volume form on (^1/4.2,3) with ||f2 — r2 R e|| c o < r\. Let V be an Q-special Lagrangian 
varifold in A 1 / 4: 2 - Suppose 

(41) d(V,CnA 1/i<2 )<ri. 
Then 

(42) inf d(V,j(C) n A 1/2S ) < fcmax{i?(n \\g Re - 5 || c x, ||O a e - Q\\ c o}. 

Proof. Suppose that Lemma [T^] is false. Then for any i — 1,2,... there exists a 
Riemannian metric g\ on A 1 /4 : 2 , a complex volume form Qi on (.<4.i/4,2> <?i) an d a 
special Lagrangian varifold Vi in (A 1 ^ 2 ,fli) such that 

(43) d(Vi,CnA 1/4<2 )<l/i, 

(44) inf d(Vi,~/(C)n Ax/2,1) >imax{E(V r i ),||£/ E 6- ffi || C i,||0 E 6-O i || C o}. 

It will suffice to obtain a contradiction from (|4"3"|) and (|4~4"|) . For any i = 1,2,... 
there exists % G SU3 such that 

(45) d(V l , % (C)nA 1/2 . 1 )= inf : d(V h 7(C) ni 1/2|1 ). 

7G0U3 
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By flU) we have 

(46) lim 7i = 1, 

i—¥oo 

(47) lim d(Vi,7i(C)nA 1/4i2 ) =0. 
There exists a normal vector field vi on C H ^1/4,2 such that 

(48) d(V i MC)nA 1/2A ) = \\v i \\ c ^- 

Ji#Vi is represented with multiplicity 1 by graph cyl Ui. By (j!?9")) and we have 

(49) IMIc c 2 yl (cnA 1/2-1 ) > «max{£?(K),||flR6 — fft||ci, II^rs - ft 4 || c o}. 
By and (g7J) we have 

(50) lim IMIcL,(CnA 1M2 ) = 0. 



2— »00 



By [13 p561, (7.13)] we have 

(51) \\d t v l \\ LUcnAi/i2) <2E{V l ), 

where dt = d/dt and t — — log \z\. Hence there exists a constant k > such that 

(52) INk yl (cnA 1/4 , 2 ) < ll^ll^ yl (cnA 1/2il ) + 

Put tif = « 4 /||« 4 |lc t 2 yl (CnA 1/2>1 )- % dSOJ), (HU and elliptic regularity 

(53) sup |M| C 2 jk) < 00 

i=l,2,... cyI 

for each compact if C C H Ai/4,2- Hence there exists a subsequence (u^ )JLi and 
its limit 

(54) lim Ul] = Uoo e C c 2 yl (C* n A 1/4)2 ); 



this is the limit in the local C 2 topology. By (|49|) and (f50f is a special Lagrangian 
Jacobi field on COA 1 / i 2 - By and (fBTj) we have dtUoo = 0. Hence Uqo is a special 
Legendrian Jacobi field on C n 5 5 ; see [TU1 Definition 6.7]. By [TTJ pll] we may 
regard as an element of SU3 = T1SU3. Put 

(55) h = ll^llc^CCn^.i)- 
By (|50l) we have <5j — > as j — > 00. By (|54|) we have 

(56) v ij - SjUoo = 0(8 )). 
Putting Pj — exp^jUoo € SU3 we have 

(57) d(V ij ,p ijlij (C))=o(5 j ). 

By (gSJ) inf 7eS ;73 d(V^ , 7(C)ni 1/2 .i) = 0. This contradicts (|3i|). We have therefore 
completed the proof of Lemma [T5J □ 

We shall use: 

Lemma 13 (0 Lemma 3.6]). For any r\ > £/iere exists qyg] > smc/i t/iat i/ie 
following holds: 

Let g be a Riemannian metric on B\ with \\g — 3k 6 lie 1 < ^T3"l - ^ ^ e a com V^ 
volume form on (Bi,g) with || — fi^ 6 He 1 < ^T3"l - LetV be anfl-special Lagrangi 
varifold with = in (Bi,g). Suppose 

(58) max{d(t/, C7 n A 1/2 ,i), n A 1/8>1 )} < erj^ 
TTien 

(59) d(V,CnA 1/M )<» ? . 
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From Lemmata Q2] and [T^] we obtain: 

Corollary 14. There exists e > such that the following holds: 

Let r, g, CI, V be as in Theorem^ Then for all i = 1, 2, . . . we have 

(60) d(V j ani4 r/2 i fr/2 4-i)<e. 
We next prove: 

Lemma 15. There exists e > suc/i that the following holds: 
Let r, g, f2, y 6e as in Theorem^ Then 

(61) lim||Vm)/s 3 = l|C'll(£i)- 

s— >0 

Proof. By Corollary[T3]and LemmaQl)]we may use the the monotonicity formula [T71 
Theorem 17.6]; i.e. there exists a constant k > such that e fcr ||y||(i3 T .)/r 3 is a 
monotone decreasing function of r > 0. Hence lim r ^o H^IK-Sr)/?* 3 exists. It will 
therefore suffice to find r(l) > r(2) > . . . tending to such that 

(62) lim \\V\\{B r(l) )/r(iY = \\C\\{B X ). 

% — Voo 

By Corollary [T4l there exist r(l), r(2), • ■ ■ > tending to and 71,72,-'' £ 5E/3 
tending to some 7 € S'L'3 such that '"(*)# 7i# ^ restricted to j4i/2,i is represented 
with multiplicity 1 by graph cyl vi for some normal vector field jj, 011 C fl ^1/2,1 and 
such that (1^)1=1,2,... converges to some v in the local C 2 topology. We have 

00 

(63) E(V) = J2 E (s^PK y i fH) < 00. 

i=i 

Hence -E(graph cyl Vi) — > as i — > 00. Arguing as in the proof of Lemma[T2]one finds 
7 £ SU3 such that 

(64) lim r(i) _1 (spt IIFII n dB r(l) ) = 7(C) n dB l 

i— >oo 

in the C 2 topology. We shall now use the technique in Section 3] . Put 

(65) tf s5 = ((x 1 d 1 + ---+x 6 d 6 )M R e)\ S s. 

By [SI Proposition 3.3] and the proof of Proposition 3.4] there exists a 2-form *f> 
on R 6 \ {0} such that 



(66) 


Reft = (2(3- 1 |a:| 3 1'), 


(67) 




By jH]) we 


have 


(68) 


r- 3 \\V\\(B r ) = r- 3 [ d(3- 1 |x| 3 1') 




Jspt ||v||nB r 


(69) 


= / S-^ldBr 






(70) 






Jr-^spt \\V\\ndB r ) 


By J67]) we 


have 


(71) 






Jr-!(spt ||V||n0B P ) 


(72) 


< area(r _1 (spt ||V|| n aB r ))3 _1 |#| S B r - 


(73) 


< k sup | fl — CI-R6 1 



¥36 +*£,.). 



kyl 
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for some constant k > 0. By assumption 

(74) limsuplfi - f2 E 6| = 0. 

By ([7T ]) -([7i |) we have 

(75) lim / 3- 1 (*| 9Br -* S 5) = 0. 



r-^spt \\V\\ndB r ) 



By ([Ml) we have 



(76) lim / 3-^35 = / * S 5. 
By definition 

(77) f * 5 5 = area(7(C) n B x ) = area(C n S b ). 

From ([55 ]) -([7D | . (|75|) and (JTOJ) we obtain fg2"]l. Hence flST} holds, which completes 
the proof of Lemma [151 □ 

We shall need the following lemma. One can prove it by calculation. 

Lemma 16. Let V be a varifold of first variation in B r with respect to a Rie- 
mannian metric g with 

(78) g = g Re +0(\x\ 2 ). 
Suppose 

(79) d(V,CDA r/2j .) <e. 

Let H r /2, r be the mean curvature o/spt || V|| C\A r /2,r with respect to g^e. Then there 
exists k > depending only on g, e such that 

(80) \H r/2ir \ < k\x\. 

By Lemma [TBI one can use the monotonicity formula [17j Theorem 17.6]. More- 
over by Lemma [TBI one can proceed as in the proof of jT5J p560, (7.8)]. One then 
obtains: 

Lemma 17. There exist e, k > such that the following holds: 

Let r,g,Cl,V be as in Theorem® Let s G (0,r). Then spt||V|| f~l dB s is a sub- 
manifold ofdB s and 

(81) s- 2 area(spt || V|| n dB s ) > E(V) + area(C n S 5 ) - ks. 

We prove finally the following lemma arguing as in the proof of [161 Lemma 6.4]. 
We use here again the fact that C is special Lagrangian Jacobi integrable; see 
Joyce PJJ pi 1'. 

Lemma 18. There exist e, X,q > such that the following holds: 

Let g be a Riemannian metric on B\ with \\g — g^e\\ c i < e. Let n be a complex 
volume form on Bi with ||f2 — Q-^e \\ c o < e. Let V be an VL-special Lagrangian varifold 
with d~\^ — in (Bi,g). Suppose 

(82) d(V, C A X * A ) < e. 

Let k > 0. Suppose that for any s G (0, 1), spt ||V|| fl dB s is a submanifold of dB s 
and 

(83) s~ 2 area(spt \\V\\ n dB s ) > E(V) + area(C n S 5 ) - ks. 
Then 

(84) inf d(V, 7 (C) n A X 2 iX ) < (1/2) max{ inf d{V^{C) n A x ,i), qk}. 

^eSUs dist(l,7)<e 
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Lemma [TBI will be proved in a similar way to |16[ Lemma 6.4]. 

Proof of Lemma 1181 Suppose that Lemma 1181 is false. Then there exist ei > £2 > 
. . . tending to 0, V\, V%, . . . , k\, fea, • • • as above and 71, 72, ■ • ■ with dist(l, 7j) < 
such that 

(85) inf d(7 i ,7(C0nA xa)X )>(l/2)niax{d(V5,7<(C)nAA 1 i) 1 tA j } 

y£SU 3 

for all integer i > 1. By (f52"f we have 

(86) inf ^, 7 (C)n4 A 2 A ) < 00. 

By (|55|) and ([56"]) we have ki — > 0. Hence by and Lemma [TjJ] there exists a 
normal vector field », on C fl A$ u i such that Vi restricted to Ag u i is represented 
with multiplicity 1 by graph cyl Vi with Si — > as i — > 00. Put Ti — — log Si. Put 
t = - log |4 By [13 p561, (7.13)] we have 

(87) Wdmh^icnA^) < mVi). 
By ([87). (1831) and elliptic regularity 

IIM^CriS*)* < ?(INIi^ I (CnA >ll ) + fc «) 
for some constant g > independent of z. Let r > <5;. By we have 

(89) ll^llc^ccn^,!) < IrihiWc^iCnA*,!) + h) 
for some q r > independent of i. By (|85[) and (|89l) we have 

(90) ll w illc o 2 yl (cnA Ail ) > fci- 
Put = « 4 /||«j||c c 2 yl (cnA A-1 )- By ([Ml) and (JHOJ) we have 

(91) jmp Hwillc^cnAx,!) < oo- 

Hence there exists a subsequence (ui,)j=i,2,... such that Uj. -> w as j -> 00 in the 
local C°° topology for some w e C°°(C n A ,i). By (JHSJ) and we have 

(92) / ||9 t ^||i 2(cns6) < 00. 

Jo 

One can therefore find a basis (6;);gz of L 2 (C n 5 5 ) with 

00 

(93) w = w +^Re((a ; + aJi)e" Qi ')&i 

i=l 

for some wo, a;, aj, a; such that Re ai > and such that u>o is a special Legendrian 
Jacobi field on C n S 5 ; see [TO] Definition 6.7]. Put = ||vi||c 2 /cnA* i)- Put 
u>+ = iu — u>o . Then 

(94) u i = /3 i (iy +w+)+o(ft). 

Since C is stable in the sense of Joyce [TTJ pll] we may regard wo as an element 
of the Lie algebra T1SU3. One can therefore find, using (l94l) . cr^ G SU3 such that 
°i# ^ is represented with multiplicity 1 by graph cyl Zj for some normal vector field 
on C H A,5 4) i with 

(95) =ft% + o(ft). 

Now choose A > sufficiently large. Then, since Re ai > 0, 

(96) \\w+\\c 2 (cnA x2 , x ) < (i/iOOjIk+llcccn^.O- 
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By ([§5]) and ^ we have 

(97) \\zi\\c*(cnA s2tX ) < (l/10)||^||c=(CnA Ail )- 

This contradicts (|55|) . which completes the proof of Lemma \TEl □ 

Let r,g, il, V be as in Theorem^ Using Lemmata [T71 and IT51 repeatedly one can 
find 7 £ SU3 with dist(l,7) < e such that 

(98) d(V,j(C)nA rXi+ x trX i) <e2" i 

for any integer i > 0. This completes the proof of Theorem [9j 

3. BUBBLING-OFF 

In this section we prove Theorem \W\ below. We shall continue to use (|2"5j) , (j2"9")l 
and some other notation in the previous section. 

Theorem 19. There exist qyg] , ?7 > such that the following holds: 

Let r £ (0, ^Jcjj). Let g be a Riemannian metric on B r with g — <?r6 +0(|x| 2 ). Let 
Q be a complex volume form on B r with il = Qjj6 + 0(|a;|). Let V be an Q-special 

Lagrangian varifold with — in (B r ,g). Suppose that V is tangent to C with 
multiplicity 1 at £ B r . Suppose 

(99) E(V) < q$2, 

(100) d{C,Vn A r/2 , r ) < 77/2. 

Let (Vi)i=i t 2 be a sequence of Q,-special Lagrangian varifolds with dVi = in 
(B r ,g). Suppose that (VS)i=i 2,... converges to V. Then there exists a subsequence 
(Vi,)j—i t 2,... such that either of the following statements holds: for all j — 1,2, .. . 
there exist bj £ B r ,~fj £ SU3 such that is tangent to jj(C) with multiplicity 1 
at bj; or there exist b±, 62, • • • £ B r tending to and 8\, 8%, ■ ■ ■ > tending to such 
that {Sj^(Vi j — 6j)}_y=i,2,... converges to some f2 R e -special Lagrangian varifold W 
in (M 6 , g R e) such that W is tangent to 7(C) with multiplicity 1 at infinity in M 6 for 
some 7 £ SU3 and such that E(W — a) > ^jg]/100 for any nel 6 , where W — a is 
the translate ofW by a on R 6 . 

We first prove the following theorem using techniques in the previous paper [5]: 

Theorem 20. There exist e, k > such that the following holds: 

Let r > 0. Let g, i7, V be as in Theorem\l9\ Suppose d(V, C(~}A r /2,r) < V- Suppose 
E(V n A s>r ) < e for some s £ [0, r/2). Then d(V, C H A s>r ) < n k . 

Proof of Theorem 1201 From Lemma [T2] we obtain: 

Lemma 21. There exist n, k > smc/i £/ia£ the following holds: 

Let g be a Riemannian metric on Ai/42 with \\g — gReWc 1 < V- Let Q be a complex 
volume form on A1/4.2 with ||Q — Q^eHco < T]. Let V be an fl-special Lagrangian 
varifold in [Axj^i <?)• Suppose d{V,C (1 ^1/4,2) < V- Then 

(101) sup |area(s- 1 (spt||F||ndB s ))-area(CnS' 5 )| 
se(i/2,i) 

(102) < km&x{E{V), \\ggp - g\\ c ^\\^ ~ Mlc°}- 

Using this lemma we shall argue as in the proof of [9j Proposition 5.1]. Suppose 
that there exists q £ (s, r/2) such that d(V,C n A q:r ) < r\. By Lemma |2"T1 we may 
assume 

(103) sup |area(7J" 1 (UnaBp))-area(C*n5 5 )| < 77. 

p€(2q,r) 
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By (fTU3l and Lemma 4.3] there exists k> such that d(V, Cn4 2? ,r) < V k - One 
can therefore prove d(V, ClH A s , r ) < rj k using Lemma[T3J This completes the proof 
of Theorem [201 □ 

Theorem |2T)1 will be used in the following: 

Proof of Theorem [T9]. By Theorem [9] it will suffice to find W as in Theorem [19] 
supposing that E(Vi — b)>e for any integer i > 1 and 6 € -B re . Let ? be any integer 
> 1. Put 

(104) 8i(b) = mm{8 > : E(V - b n A 5>r ) = e/2} 

for each 6 G £? re , where V$ — b is the translate of V£ by 6 and Vi — b n A$, r denotes 
the restriction of Vi — b to Ag. r - Choose 6j € -B rc such that 

(105) = nun 

bEB re 

Put «Ji = 5i(6i). 

Lemma 22. <5; — > as i — > oo. 

Proof. Since 5j < 5^(0) for all integers i it will suffice to prove <5j(0) — >• as i — >• oo. 
Let <5 > 0. By we have E(V \ ~B~s) < e/2. Since Vi ->• V as i -> oo there exists 
i.5 such that if i > i a then £(7* \ B~ 5 ) < e/2. If £(V$ \Bs)< e/2 then ^(0) < 8. 
Hence Si(0) — > as i — > oo. This completes the proof of Lemma |2"21 □ 

Lemma 23. There exists a subsequence {Si j ^(Vi j — by)}j2-i converging to some 
f2 R 6 -special Lagrangian varifold W with dvfr = in (R 6 ,<7Re). 

Proof. Let R > 1 be arbitrary. By Theorem [5D] we have 

(106) ]imsupd(Srl(Vi -bi),CnA Rt2R ) < oo. 

i=l,2,... 

Choose a compactly supported smooth function \ : (0, oo) — > [0, 1] such that 



(107) ||^(^ - hOIKBii) < <5^(V5 - bi)( X ReCl), 

where ~V* is the current associated with a special Lagrangian varifold V; see Sec- 
tion [1] We shall now use the technique in [§J Section 3]. Put = S^fl. By O 
Proposition 3.3] and the proof of O Proposition 3.4] there exists a 2-form on 
R 6 \ {0} such that 

(108) Refii =d(3- 1 |x| 3 *i), 

(109) |*i-*s«|cyi< |fii-fiR6|, 
where * 5 5 = ((x 1 ^ H h x 6 d e )M M 6)\ s s . By (fTU5|) we have 



(110) \\8$(V i -b i )\\(B R )<8$(y i -b i ){-dx/\3- 1 \x\ 3 *) 



(111) = / -dxA3~V| 3 *- 

^spt||* i -^ 1 (v 1 -6 i )||nAR,2i l 

By (fTro|) . ((107)1 and (fnUj) - (fTTT)) there exists k R > independent of i such that 

(112) IK^-MIK 5 *) <fcfl ™p / *\ d B r . 

r£(R,2R) JcnS 5 

By (| 109[) and (|112l) there exist constants k' R ,k R , k R > independent of i such that 

(113) \\8^( Vi - bi)\\(B R ) <k' R + k' R f * s5 = k R ' < 

Jens 5 



oo. 
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Hence there exists a subsequence {8i j ^(Vi j — bi j )}^L 1 converging to some varifold 
W of dimension 3 in R 6 . _^ 

It remains to prove that W is an Sl-special Lagrangian varifold with dW = in 
(R 6 ,g R e). Since Oj — > 51 as i — > oo in the local C° topology, W is an fi R 6-special 

Lagrangian varifold in R 6 . On the other hand since d(S~Zr(Vi — 6j)) = we have 

— >■ __ 

dW = 0. This completes the proof of Lemma [23] □ 

Let W be as in Lemma l23l By (I104p we have E(Si j ^Vi j — &i- \ -Bi) = e/2 for any 
integer j ' > 1. Letting j — > oo we obtain 

(114) E(W\Bi)=e/2. 

One can therefore use the technique in the previous section. In a similar way to 
the proof of Theorem [5] one finds 7 G SU3 such that W is tangent to 7(C) with 
multiplicity 1 at infinity in C 3 . 

We shall now prove E(W — a) > e/100 for every a G R 6 , which will complete 
the proof of Theorem [T^l Let a G R 6 . Then S^.Vi — a restricted to A x g -i r is 
represented with multiplicity 1 by a submanifold M, oi A x s -i r . By (11 14[) and the 
definition of 5i — 5i(t>i) we have 

(115) E(Mi n A M -i r ) > e/2 

whenever i is sufficiently large. We shall use ^ satisfying (|108l) and (|109l) . By [9, 
Proposition 3.4] there exists k > independent of i such that 



(116) 



/ **- / *i>E{Mi)-k I \n t - n R6 \dvo\ cyh 

JMjHSB,-! JMiDdB! JMi 



where (Mi) is the area of Mj with respect to g cy i = 5R6 /|a:| 2 . In what follows 

k', k", . . . will denote constants independent of i. By Theorem l20l we have 

(117) / |Oj - ORelcivolcyi < k' / |^i|aB p - ^v\dB p \dp/p. 

JMi Jl 

Since |Oj| aBp - r2 R6 ja Sp | < fc"^p we have 

(118) / Ifl, - n R e\dvol cyl < [ ' k"6ipdp/p 

JMi Jl 



* Mi 

c-l„ iW.s 



(119) < (JfV - l)fe"<Si 

(120) < k"'r. 
By PT5 |1 -(PD |) we have 

(121) / % - j *i > e/4 - k""r > e/8 

J MindB 6 - lr JMiHdBx 

whenever r > is sufficiently small. By Theorem [501 we have 



(122) / *i = / * ( - + * 



MinaB 1 JMitldB^! 



' S 5 



(123) < fc""V + fc""V + / * S5 

Jens 5 

We have 

(124) f *i = / *i - + < fc""""*< + / ^ s 5 

JMiHdBx J MiC\dBx J MiHdBx 
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By (UnD -CU H we have 

(125) / *s 5 - / *s 5 > e/16 

Jens 5 JAhndB! 

whenever r, 77, Si > are sufficiently small. Letting z — > 00 we obtain 

(126) { * S 5 - ( * S 5 > e/16. 

JCnS 5 Japt \\W-a\\f\dBx 

By p26p and [3 Proposition 3.4] we have 

(127) E{W-a\~B~i) > e/100. 

This completes the proof of Theorem [19] □ 

4. Proof of Theorem [H] 
We first recall the statement of Theorem [5] _^ 

Let W be an Q-^e -special Lagrangian varifold with dW — in R 6 . Suppose that 
W is tangent to C with multiplicity 1 at infinity in R 6 . Then W is represented 
with multiplicity 1 by C or there exists a > such that W is represented with 
multiplicity 1 by L up to the action of SU3 k R 6 . Here L is as in (jlip and it 
depends on a > 0. 

This section will be devoted to a proof of Theorem [51 the statement above. We 
begin with: 

Definition 24. We say that V is strongly tangent to C with multiplicity 1 at 
infinity in C 3 if there exists R > and a normal vector field v on C \ Br such 
that V \ Br is represented with multiplicity 1 by the graph of v with v = 0(|a;| -1 ) 
where 0(») is as in Definition l2l)l below. 

Put 

(128) (W-a)(.f)= f f(x-a,S)dW(x,S) 

JR e xG 3 (K 6 ) 

whenever / is a continuous function with compact support in R 6 . 
We first prove: 

Lemma 25. Lei fee an Oge special Lagrangian varifold with dW = in Mr. 
Suppose W is tangent to C with multiplicity 1 at infinity in C 3 . Then there exists 
a G C 3 suc/i </ia< W — a is strongly tangent to C with multiplicity 1 at infinity in 
the sense of Definition 1241 

Let C be as in ([4]). Let x : C \ {0} — > C 3 be the inclusion map. Let a;*f/R6 be the 
induced metric on C \ {0}. Let 

(129) A c :C°°(C\{0})^ C°°(C\{0}) 

be the Laplacian of (C \ {0},x*g^e). Put |z| = y/\zi\ 2 + |z 2 | 2 + 1 2:3 1 2 for each 
(zi,z 2 ,z 3 ) e C 3 . Put t = log|x| : C \ {0} — > R. Put S 5 = {z e R 6 : = 1}. 
The map x -> (t, cc/jacj) is a diffeomorphism C \ {0} = R x (C n S" 5 ). We have 

(130) -\x\ 2 A c =d? + d t -A CnS s, 
where dt = d/dt and 

(131) A CnS 5 : C°° (CPS' 5 ) -> C°° (CPS' 5 ); 

this is the Laplacian with respect to (fee | ens 5 - Let A be the set of all A € R such 
that A(A + 1) is an eigenvalue of (|131[) . As in [TTJ pll] we have 

(132) An [-1,2] = {-1,0, 1,2}. 

1G 



Put 

(133) E X = {/ g C°°(C n S 5 ) : A CnS ,f = A(A + 1)/} 
for each A € A. As in [IT] pll] we have 

(134) Ei = {(aix 1 + • • • + a 6 x e )\ CnS 5 :«i,...,o 6 eK}. 
Let R > 0. Let u G C°°(C\S^). 

Definition 26. Let pel. We write u(x) = 0{\x\ p ) if 

(135) limsup |V fe u|/|x| p -' £ < oo 

\x\— >oo 

for every integer fc > 0, where V is the covariant derivarive on C\ Br induced from 
and | • | is the norm induced from g R e . 

Lemma 27. Let p, q G K Utt'i/i —1 < q < p. Suppose 

(136) u = 0(|a:| p ), 

(137) A c u = 0(|x|"- 2 ). 

TTiera /or a// A £ A fl (<?,£>] i/iere exist /a £ -E\ suc/i £/ia£ 

(138) u= £ e Xt /A + 0(|x|«). 

AeAn(q,p] 

Proof. Let = 70 < 71 < . . . be the eigenvalues of Aqhs 5 - Let {vo,Vi, . . . } be a 
basis of L 2 (C fl S* 5 ) such that Acns BV i = li v i f° r each integer i > 0. Put on = 
(-1 + VI + 4 7l )/2,/3 4 = (-1 - v / TT4t7)/2 for each integer i > 0. Let T > logi?. 
Put 

for each i with > g, where (•, •) is the L 2 (C n 5 5 ) inner product. Put 



(140) u'^e^^H^v^T + e^ / e^-^"^-^, ^))| t=r dr 

(141) +e ft * / e (Q '- ft)r / e- a * s (A c u,Ui)dsdr 



for each i with on < q, where (•,•) is the L 2 (C n S* 5 ) inner product. Putting 
14 ' = *EZa u 'i"i we have w ' G C oc (C\B^), A c w' = A c u and tt' = 0(|a:|«). By 
(I136P we have u — u' = 0(|a;| p ). Hence for all A G A with A < p there exist fx G -Ea 
such that u — u' = X)agA a< p eAt /A- This proves (|138l) . □ 

Let to G C°°(C \ Br). Consider the map x + w : C \ £^ -> C 3 . Let (ac + w)*g R e 
be the induced metric on C \ .Br. Let 

(142) A w :C 0C (C\B^)^C 0O (C\B^) 

be the Laplacian with respect to (x + w)*g-^e. By calculation we have: 
Lemma 28. Suppose u G C°°(C\B~r), \u\ = 0(\x\ p ) and \w\ = 0(\x\ q ). Then 

(143) A w u= A c u + 0{\x\ 2{ . p -V +q - 2 ). 
Using Lemmata [27] and [25] we give: 
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Proof of Lemma 1251 There exists a normal vector field aionC \ Br with respect 
to <7 R e such that spt ||W|| \ Br = graph w with ||to|| = 0(|x| p ) for some p < 1 . By 
Definition [M] it will suffice to find a constant a such that 

(144) w-a^OQxl- 1 ). 

We shall regard w as a C 3 -valued function on C \ Br. Since graph w is a minimal 
surface, we have A w w — 0. By Lemma [2"51 we have 

(145) w = 0(\x\ p ),p < 1 =*> A c w = Odxl 3 ^- 1 '- 1 ). 

By (|145l) . Lemma |2"T1 and (|132[) we have w = 0(|x| 3 ™( p_1 ) +1 ) for every integer n > 
with 3™(p - 1) > -1. Since p < 1 there exists iV such that S^+^p - 1) < -1. Put 
q = 3 N+1 (p - 1) + 1 < 0. By (JUS), LemmaHTJand ([TBI?]) there exists a constant a 
such that w — a + 0(\x\ q ). 
By Lemma |2"51 we have 

(146) w-a = 0(\x\ q ), q<\=^ A c (w - a) = Oflzl 3 **- 1 )- 1 ). 

By (fHo) , Lemma [271 and ([Hi21) we have w - a = 0(|x| 3 "^ _1 ) +1 ) for every integer 
n > with 3"(g- 1) > -1. Since <? < there exists iV such that 3 N+1 (q- 1) < -1. 
Put r = 3 A ' +1 (p-l) + l < -1. By (flip]) . Lemma[27Jand (g5g) there exists /_ x G £L X 
such that w — a = fi + 0(\x\ r ). This proves (I144D . We have therefore completed 
the proof of Lemma [25] □ 

Define fi : C 3 -> R 2 by 



(147) fi(*i,*2,*3) = (Nil 2 - N 2 , \ Zl \ 2 - \z 3 \ 2 ). 
Define / : C 3 — > R 3 by 

(148) f(zi,z 2 ,z 3 ) = z 2 , z 3 ), Im 21^2^3) 

(149) = (\ Zl \ 2 - \z 2 \ 2 , \ Zl \ 2 - \z 3 \ 2 ,lm Zl z 2 z 3 ). 

Put E x = {(a,a,0) G M 3 : a > 0}, £ 2 = {(-a, 0,0) € R 3 : a > 0}, £3 = 
{(0,-o,0) G M 3 : a > 0} and 

(150) Y = E 1 UE 2 U E 3 . 

Put = (0,0,0) G K 
Let y £Y. Put 

(151) L y = /- 1 (y)n{(zi,z 2 ,z 3 ) € C 3 : BsziZaZa > 0}. 



We have / 1 (y) = L y U — L y . Notice that L y is connected. If y = then Lo is a 
cone in C 3 with Lo n S* 5 diffcomorphic to T 2 . If y G Y" \ {0} then L y is a submanifold 
of C 3 diffeomorphic to S 1 x R 2 . 

If y' £ M. 3 \Y then f^ 1 (y') is a connected closed submanifold of C 3 diffeomorphic 
to R x T 2 . 

By [51 III. 3. A, Theorem 3.1] f^ 1 (y l ), L y and Lo \ {0} are special Lagrangian 
submanifolds of C 3 . 

By Lemma [55] it will suffice to prove the following theorem in order to prove 
Theorem [8j 

Theorem 29. Let V be an Q^p-special Lagrangian varifold with d~\^ = in R 6 . 
Suppose that V is strongly tangent to C with multiplicity 1 at infinity in C 3 in the 
sense of Definition 1241 Then there exists y £ Y such that V is represented with 
multiplicity 1 by L y . 

Let fx be as in (|147l) . 

Lemma 30. grad Tz y fi(z) = for \\V\\ -almost every z £ C 3 . 
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Proof, fi is a moment map of the T 2 -action 

(152) (h,h) ■ (zi, z 2 , z 3 ) -> {t\z\, t 2 z 2 , 1 tJ 1 2f 3 ) 

on C 3 , where T 2 = {(*i,* 2 ) € C 2 : = |t 2 | = !}• By [TTJ Lemma 3.4] we have 

(153) dhiTv S va( ^TV /•* = 0. 

Since V is strongly tangent to C with multiplicity 1 at infinity in C 3 in the sense 
of Definition [M] we have 

(154) A4p t ||y||\!^ = O(M ). 
Lemma 31. Let v eC°°(C\ ~Br) with 

(155) v = 0{\x\' 1 ). 

Suppose u 6 C°°(graphi>), it = O(|x| ) and A v u — 0, where A v is as in (|142j) . 
TTien i/iere exists a constant c such that 

(156) u- c = 0{\x\^). 
Proof. By (I155|) and Lemma |2"51 we have 



-6\ 



(157) A c u = 0(|x| 

By (|157|) . Lemma l27l and (I132[) there exists a constant c such that u — c + 0(|x| _1 ). 
This proves Lemma [3"T1 □ 

By Lemma |3"T1 there exists a constant c such that 

(158) M-c| 8pt||V | |X ^ = 0(| a: |- 1 ). 
Since V has first variation we have 



(159) / dw T v(x(v-c)g™d TV fj,)d\\V\\ = 

Jc 3 

whenever \ is a smooth function with compact support in C 3 . By (11 58[) we have 



(160) lim / (/x - c) tr(dx|rv ® grad TV ^)d||y|| = 0, 

where 1 is the constant function on C 3 . By (|159l) . (|153l) and (I160p we have 

(161) / |grad TV . M | 2 d||T/|| =0. 

JC 3 

This proves Lemma [3D] □ 

Let / : C 3 -> M 3 be as in ([i"49l) . By Lemma [30] and the proof of [8j IH.3.A, 
Theorem 3.1] we have: 

Corollary 32. T Z V = Ker df(z) for \\V\\ -almost every z e C 3 . 

From Corollary [2U we obtain: 

Corollary 33. There exist R > awe? yv & Y such that V restricted to C 3 \ Br is 
represented with multiplicity I by a submanifold contained in some fibre of f. 

Let <dy be the multiplicity of V. It is a "H 3 -measurable function on C 3 = M. 6 such 
that ||V|| = % 3 L9y, where V? is the Hausdorff measure of dimension 3 in Mr. 

Lemma 34. Let L be a 3- dimensional submanifold of C 3 = R 6 with T Z L = T Z V 
for \\V\\-almost every z G C 3 . Then 0^ is a locally constant function on L. 

19 



Proof. Since V has first variation we have 

(162) J (divTLO@vdH 3 = 

whenever £ is a vector field with compact support in L. Hence dOy = as a 
distribution on L. It is therefore locally constant on L. □ 

This is a technique which was used in the proof of the constancy theorem; see 
[U Theorem 4.6.(3)] or 17, Theorem 41.1]. 

Let y' £ R 3 \ Y and y £Y. Let L y be as in (|151[) . The submanifolds f~ l {y'), L y 
and — L y are connected. Hence by Corollaries I3"2l and IM1 we have: 

Corollary 35. @y\t-it y i\, &v\l v and Ov\-l v are constant functions. 

We shall use the fact that if y G Y then L y is tangent to C with multiplicity 1 
at infinity in R 6 and if y' £ R 3 \ Y then f~ 1 (y') is tangent to C U — C at infinity in 
R 6 . Then from Corollaries l33l and l35l we obtain: 

Corollary 36. There exists yy £ Y such that 6y|i y f — 1 and ©y|i = for 
every y £Y \ {yv}. Moreover 6y|-L y = for every y £Y and 0y|/-i(j,') = for 
every y' £ R 3 \ Y. 

By definition 

(163) C 3 = |J f-\y")= (J L v U U - L v U U 

y"eR 3 y£Y y£Y y>m 3 \Y 

By Corollary l36l and p63p V is represented with multiplicity 1 by L yv . This com- 
pletes the proof of Theorem [2H From Lemma [55] and Theorem [2U we obtain 
Theorem M 

5. Completion of the Proof of Theorem El 
In this section we complete the proof of Theorem [6l 

Let L be as in (fTTj) . which depends on a > 0. Choose a > such that E{L\B{) = 
qjQ|/100, where > is as in Theorem UM Using Theorems [51 [1^1 12"01 and pi)) 
one can prove: 

Lemma 37. Let B D B' be sufficiently small neighbourhoods of x where x is the 
singular point of M in X. Put B' e = {x £ X : mi y< =B' dist(x, y) < e} for each 
e > 0. Let Bfj be the ball of radius R > centred at in R 6 . Then for any e, R > 
there exists a neighbourhood U of AI in V such that U £ M. U Af and such that 
if N £ hi H N then the following holds: there exist normal vector fields v,v' on 
L n Br,M \ B' on (R 6 , <7 R e), (X, g) respectively such that graph v 1 D N \ B' e and 
graph v D Xa(NdB) n Br-e for some A > and a £ SU3 k R 6 with dist(l, a) < e, 
where N f] B is regarded as a subset 0/R 6 so that we may define Xa(N f] B), and 
such that IMIc 2 < e > ll u 'llc 2 < e , where |M|c 2 * s the norm induced from g^e and 
\\v'\\c2 is the norm induced from (X,g). Here g is as in ([8]). 

We have here used a normal coordinate of (X, g) at the singular point of M but 
we shall use a Darboux coordinate with respect to the Kahler form of X in what 
follows. 

Let U be as in Lemma [571 Define F : U — > R x Ai as follows: 
Let P £ U. Let B be as in Lemma [37] By Weinstein's theorem we may regard 
P \ B as the graph of a closed 1-form u on M \ B. We have 

(164) [u] £ H\M\B;R) H 1 (M \ {x}; R), 

where x is the singular point of M. Let /m be as in ([TB"]) . By [T3] Lemma 10.1] 
dimIm(/ M : H 1 (M \ {x}; R) — > i/ 1 (C n 5 5 ; R)) = 1. Hence there exists a unique 
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s £ M such that f M [u] = sa(L), where a(L) is as in $FZ)). Put Fi(P) = s. By [TD1 
Lemma 4.5] we have F\ (P) = whenever P £ Ai. By Lemma[31]we have F\ (P) > 
whenever P £ A/". By [11] Corollary 6.11] there exists a vector space isomorphism 
Ker/ju S TmM . Choose 6 € H X (M \ {x};R) such that = a{L). We may 

assume that U is so small that [u] — Xb £ Ker Jm defines some Q £ M. . Put 

(165) F 2 {P) = Q£M, 

(166) F(P) = (F 1 (P),F 2 (P))eM.xM. 

This is the definition of F : U K x M. 
By definition 

(167) F(M) = (0,M) 

for every MeWnM. 

One must choose 6 € H 1 (M \ {x};R) such that /m(&) = a (£) in order to define 

(168) G : (0,e) x W -> A/" 

as in (fT5|) . We use here the same 6 as in the definition of Q above. Then F o G is 
an identity map. 

Lemma 38. DF\n ■ TffAf — ► Tp(jv)0^>o x is a vector space isomorphism for 
every N £UC\N. 

Proof. Since F o G is an identity map, DF\ N : T N M — > T F (jv)(R>o X At) is onto. 
But by Theorem 8.7] we have 

(169) dimTjyA/ = 1 + dimT^Ai 

where M = F 2 (iV). Thus DF\ N : T N M -> T F(J v)(R>o x At) is a vector space 
isomorphism. □ 

Lemma 39. G o -F|wrW * s identity map. 

Proof. Let A~ g UDAf. There exists a closed 1-form u on A whose graph is GoF(N). 
We shall first prove [u] = £ H 1 (N; E). Let x be the singular point of M. Let [/, [/' 
be sufficiently small neighbourhoods of x in X. The inclusion maps Uf)N —> N,N\ 
IF -> N induces ff^iVjR) -> H 1 {Uf]N; R)®H 1 (N\U 7 ; R), which is one-to-one. It 
will therefore suffice to prove [u|jvnc/] — [ u Iat\iH = in order to prove [u] = 0. We 
shall first prove [w| w \jj7] = 0. There exists a sufficiently small neighbourhood U" of 
x in X and closed 1-forms V\ ,v 2 on M \ TP 7 with [ui] = [v 2 ] £ H 1 (M \ TP 7 ; R) such 
that graph Vi D N\U' and graph v 2 D Go F(N)\U' . One can find, using V\ and v 2 , 
a smooth function / on N\U' such that df = u\ NS jp. Hence [w^^] = 0. We shall 
next prove [u|jvn£/] — 0- Let B,X,a be as in Lemma [37] There exists a 1-form w 
on L such that graphs = Xa(NPiB). It will suffice to prove that w is exact; it will 
then be easy to prove [w|Arnfy] = in a way similar to [u N \jp] — 0. It will therefore 
suffice to prove J w = for 7 C L whose homology class generates 7J 1 (i;Z) = 
H 1 ^ 1 x R 2 ; Z) = Z. Let C B be a disc of dimension 2 with dD = 7, and D' the 
image of D under the map x 1— > exp x w(x) on L. Then f u; = J D , uj — J d uj where 
uj is the symplectic form of C 3 . It will therefore suffice to prove J D , U) — j D U) = 0. 
Letting a(») be as in (TT2"|) we have J^, oj — J d uj = a(Xa(N n B)) flc - a(L) n c 
for some c € H\(C fl S* 5 ). But a(Xa(N n 2?)) = a(L) by the definition of A. Hence 
/ D , w — J d oj = 0. This completes the proof of [u|ivnJ/] = 0. We have therefore 
proved [u] = 0. 

Hence u = df for some smooth function / on N. Notice that / satisfies an elliptic 
equation as in Joyce [T2J Proposition 5.6] (9 = in his notation since N is special 
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Lagrangian). / is therefore constant by the maximum principle. Hence df — and 
N = G o F(N), which proves Lemma 1551 □ 



Corollary 40. -F|wrW : U H Af — > R>o x M. is a diffeomorphism onto its image 
with inverse G\p(urW)- 

Proof. From Lemmata 1551 and IMl we obtain Corollary |4"01 □ 

Corollary 41. F : hi — > R>o X Ad is a homeomorphism onto its image. 

Proof. F :U — !• R> x M is continuous. By (|167|> . Corollary l40l and Lemma l39l it 
is one-to-one. hi is locally compact. R>o X M. is Hausdorff. F : W — > K.>o X is 
therefore a homeomorphism onto its image. □ 

From (|167[) . Corollary HOI and Corollary |3T] we obtain Theorem El 
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